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Abstract

A 4-phase Golay sequence pair of length s = 5 (mod 8) is constructed from a Barker sequence
of the same length whose even-indexed elements are prescribed. This explains the origin of the
4-phase Golay seed pairs of length 5 and 13. The construction cannot produce new 4-phase
Golay sequence pairs, because there are no Barker sequences of odd length greater than 13. A
partial converse to the construction is given, under the assumption of additional structure on
the 4-phase Golay sequence pair of length s =5 (mod 8).

1 Introduction

We use the definitions and notation of the companion paper [GJ]. In that paper, we accounted
for all 4-phase Golay sequences and Golay sequence pairs of even length at most 26, assuming the
existence of the following 4-phase Golay seed pairs (As, Bs) of length s for each s € {3,5,11,13}:

As = 0,0, 2]

By = [0,1,0] |’

As = 10,0,0, 3, 1]

Bs = [0,1,2,0, 3] ’

A = [0,0,0,1,2,0,1,3,1,0, 2]

By = 1[0,1,2,2,2,1,1,0,3,1,0 |’
Az = 10,0,0,1,2,0,0,3,0,2,0, 3, 1]
Biz = [0,1,2,2,2,1,2,0,0, 3,20, 3]

In this paper we examine the relationship between the 4-phase Golay seed pairs (A5, B5) and
(A3, B13), and Barker sequences of length 5 and 13, respectively.
A Barker sequence is a 2-phase sequence A = (A[j]) satisfying

|Ca(u)] =00r 1 forall u##0.
An example & of a Barker sequence of length s > 1 is known for each s € {2,3,4,5,7,11,13}:

52 = [+7 +]7
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No Barker sequence of length greater than 13 is known. Turyn [Tur60] conjectured in 1960 that
no such sequence exists, and Turyn and Storer proved the conjecture in the case of odd length:

Theorem 1 ([TS61]). There is no Barker sequence of odd length s > 13.

Mossinghoff [Mos09], building on work by Turyn [Tur65], Eliahou, Kervaire, and Saffari [EKS90],
Schmidt [Sch99], and Leung and Schmidt [LS05], recently showed that a counterexample to Turyn’s
conjecture would require a Barker sequence of even length greater than 1.89 - 10%°. (The paper
[Jed08] gives background on Barker sequences, and argues that the study of sequences and arrays
having small aperiodic autocorrelations, including Golay pairs, can be viewed as historical responses
to the apparent scarcity of Barker sequences.)

Jedwab and Parker [JP09] recently gave a construction linking odd-length Barker sequences to
2-phase Golay sequence pairs (see [GJ, Section 1] for a summary of existence results for 2-phase
Golay sequences). The construction of [JP09] uses related Barker sequences of length 11 and 13
to produce the 2-phase Golay seed pair of length 26, and uses related Barker sequences of length
3 and 5 to produce one of the two 2-phase Golay seed pairs of length 10. It is striking that:

(A) the lengths of the Barker sequence ingredients that are available for use in the construction
of [JP09], namely 3, 5, 11, and 13, are exactly the same as those of the 4-phase odd-length
Golay sequence pairs whose origin we wish to explain.

(B) there are no known 4-phase Golay sequence pairs of odd length s greater than 13, and
exhaustive search has established nonexistence for odd s in the range 13 < s <= 25 (see [GJ,
Table 1]); while by Theorem 1 we know that there are no Barker sequences of odd length
greater than 13.

These apparent numerical similarities motivated the authors to seek a connection between a Barker
sequence of odd length s and a 4-phase Golay sequence pair of length s. We show in Theorem 4
that, given a Barker sequence of length s =5 (mod 8) whose even-indexed elements are prescribed,
we can construct a 4-phase Golay sequence pair of the same length. Although Theorem 4 is valid
for all lengths s =5 (mod 8), it cannot be used to produce 4-phase Golay sequence pairs of length
s > 13 because, by Theorem 1, the supply of odd-length Barker sequences runs out at length 13.
Theorem 4 does, however, explain the origin of the 4-phase Golay seed pair of length 5 and 13, by
regarding a Barker sequence of the same length as a given object.

We can also use Theorem 4 to explain another numerical similarity in existence patterns that
was observed nearly thirty years ago by Frank [Fra80, p. 644]: “It is a curious and probably relevant
fact that two of the quadriphase kernels have one half the length of Golay pairs, but the author
has found no transform from one to the other.” In the language of this paper, Frank sought a
connection between 4-phase Golay seed pairs of length 5 and 13, and 2-phase Golay pairs of length
10 and 26. Such a connection is provided by relating both sets of objects to Barker sequences of
length 3, 5, 11, and 13, using Theorem 4 to construct the former set and the method of [JP09] to
construct the latter set.



The connection established in Theorem 4, and the apparent similarity in nonexistence patterns
noted in point (B) above, suggests the possibility of a converse construction. This is, given a
4-phase Golay sequence pair of length s =5 (mod 8), is there a construction for a Barker sequence
of the same length? If so, Theorem 1 would then imply the nonexistence of 4-phase Golay sequence
pairs of length s =5 (mod 8) greater than 13. We were able to establish such a converse, but only
by imposing additional structure on the 4-phase Golay sequence pair as described in Theorem 7.

The origin of the 4-phase Golay seed pair of length 3 and 11 remains open (although the
length 3 pair could be regarded as sufficiently simple that it does not require explanation). While
we suspect a connection with Barker sequences in these cases too, we were unable to determine a
suitable construction procedure.

2 Definitions, notation, and preliminary results

We use the definitions and notation of [GJ]. We shall study 4-phase sequences A exclusively via
their corresponding representation over Zs. Let A = (a[j]) and B = (b[j]) be length s sequences
over Z4. Then the aperiodic autocorrelation function of A satisfies

s—u—1
Cy(u) = Z iell=alitul for integer u > 0,
§=0

and, since C4(—u) = C4(u) for integer u > 0, the sequences A and B form a length s Golay pair
if and only if
Ca(u) + Cp(u) =0 for integer u satisfying 0 < u < s.

We write A+ B := ((a[j] +b[j]) mod 4) and A — B := ((a[j] — b[j]) mod 4) for the elementwise sum
and difference of the sequences A and B; note that this sum and difference are not the same as the
sum and difference of 4-phase sequences used in [GJ, Section 3.2].

Now let A = (a[j]) and B = (b[j]) be sequences over Z4 of length s and ¢, respectively. The
concatenation A; B of A and B is the length s + ¢ sequence (c[j]) given by

] alj] for 0 <j <s,

clj] =

J blj —s] fors<j<s+t.

For integer m > 0, we write A™ to represent the concatenation of m copies of A, so for example

[0, 0, 2, 2% [0, 0, 1] represents the sequence [0, 0, 2, 2,0, 0, 2,2, 0,0, 1]. The aperiodic cross-
correlation function of A and B is given by

min{s—1,t—u—1}
Cap(u) == Z et for integer u > 0
j=0

(which reduces to C4(u) in the case B = A). In the case t = s — 1, the interleaving int(A, B) of A
and B is the length 2s — 1 sequence (c[j]) given by

c[27] :i=alj] for 0<j <s,
c2j+1]:=0blj] for0<j<s—1.
The following result is easily verified:

Lemma 2. Let A and B be sequences over Zy of length s and s — 1, respectively. Then, for integer
u >0,



(1) Cinteap)(2u) = Ca(u) + Cp(u),
(ii) Cintap)(2u+1) = Cap(u) +Cpa(u+1).

Using elementary arguments, Turyn and Storer determined the exact value of the aperiodic
autocorrelation function of a Barker sequence of odd length:

Lemma 3 ([TS61]). Suppose that A is a Barker sequence of odd length s. Then

0 for odd wu,
(—1)8571 for even u satisfying 0 < u < s.

3 Construction of a quaternary Golay pair from a Barker sequence

In this section, we present a general construction for a Golay sequence pair over Z4 of length s =5
(mod 8) from a Barker sequence of length s whose even-indexed elements are prescribed.

We firstly describe the motivating examples of length 5 and 13. All length 5 and length 13
Golay sequences and pairs over Z4 can be constructed from the seed pairs (As, Bs) and (A3, Bi3)
given in Section 1, as described in [GJ, Section 4.2]. Represent the Barker sequences &5 and &3 as
interleaved sequences over Zy:

85 = mt([O, 07 0]7 [Oa 2])
&13 = int([0, 0, 0, 2, 0, 0, 0], [0, O, 2, 0, 2, 2]).

Then form the following differences:

As — & = int([0, 0, 1], [0, 1),

Bs — & = int([0, 2, 3], [1, 2]),
Ays — E13 = int([0, 0, 2, 2, 0, 0, 1], [0, 1, 2, 3, 0, 1),
Bis — &3 = int([0, 2, 2, 0,0, 2, 3], [1, 2, 3, 0, 1, 2]).

We identify a pattern in these differences, namely that for m = 0,1 we can write

Agm+s — Esms = Int(Wh,, X)),
Bsm+s — Esms = It (Vi Zm),

where

This leads to our main result:

Theorem 4. Let m > 0 be an integer. Suppose that int(C,D) is a Barker sequence of length
8m + 5, where C = [0, 0, 0, 2]";[0, 0, 0]. Then the sequences

A = int(C+ Wy, D+ X)),
B = int(C+ Ym, D+ Z,)

form a length 8m + 5 Golay pair over Zy4.



Proof. For ease of presentation, we drop the subscript m on the sequences W,,, X, Vi, and Z,,.
Define s := 4m + 3, so that C, W, Y have length s, and D, X, Z have length s — 1. Throughout
the proof, we shall make use of the prescribed values of the sequences C = (c[j]), W = (w[j]),
X = (z[j]), Y = (y[j]), and Z = (2[j]), as summarised in Table 1, without specific reference.

Sequence | Sequence Range of integer j
element | value

c[27] 0 0<2j<s—1
c[2j+1] | 2j mod 4 1<2j4+1<s-2
w[2j] 2j mod 4 0<2j<s-3
w[2j + 1] | 2j mod 4 1<2j+1<s-2
wls—1] |1

x[j] j mod 4 0<j<s—2
y[27] 2j mod 4 0<2j<s-—3
yl27+1] | (2 +2)mod4 |1<2j+1<s—2
yls—1] |3

z[7] (j+1)mod4 [0<j<s—2

Table 1: Prescribed sequence values in Theorem 4

To establish that A4 and B are a Golay pair, we need to show that
Cu(u)+Cp(u) =0 for0<u<2s—2.
By Lemma 2, this is equivalent to
Ceiw(u) + Cpix(u) + Cogy(u) + Cpyrz(u) =0 for0<u<s—1 (1)
and

Cesw,p+x(u) + Cpyrx,cow(u+1) + Cery pyz(u) + Cpyz cry(u +1)

=0 for0<u<s—2. (2)
Proof of (1). Fix u in the range 0 < u < s — 1. Then
s—u—2
Cpia(u) + Cpiz(u) = 3 (Z-dmmﬂfdmu]fxwu] n idm+szd[j+ulfz[j+u])
j=0
s—u—2
= 3 gl (Z-j—mu) 1 Z-j+1f<j+u+1>>
j=0
= 2i"“Cp(u). (3)
Similarly
s—u—1
Cerw(u) + Coyy(u) = 3 bl —elit (iwmfwmu] i Z-ymfymu})
j=0

_ ,L-c[s—u—l]—c[s—l] (iw[s—u—l}—w[s—l] + iy[s—u—l]—y[s—l])



s u—2
2

+ Y el c2y+u]< w(2j]—w [2j+u]+l-y[2ﬂfy[2j+u1)
7=0
[*=5=2]

+_

jel2i+1]- 0[23+u+1]< w2j+1]-w(2j+ut1] | u[2j+1]- y[23+u+1]>

Jj=0

(4)

We now consider two cases according to the parity of u, and show that (1) holds in both

cases.

Case 1: u = 2v. In this case (4) gives

CC+W( )+CC+;)J( ) [s 2v—1]—c[s—1] ( (s—2v—1)— +l~(s—2v—1)—3)

s—2v—3
s=2v=3
i Z ;el2d]—cl2j+20] (Z-2j7(2j+2v)+Z—2jf(2j+2v)>
§=0
s—2v—3
2
n Z jel2i+1]—c[2j+2v+1] <i2j—(2j+2v)+i2j+2—(2j+2v+2))
j=0
s—2v—2
:22-—211 Z Z-c[j}—c[j—i—?u}
§=0

_ —21} (Cc(Q’U) c[s 2v—1]—c[s— 1]>
= 202 (Ce(20) — 1),
and so with (3) we have

Cesw(u) + Cpyx(u) + Ceqy(u) + Cpiz(u) = 2% (Ce(2v) + Cp(2v) — 1)
= 27" (Cing(c,p) (4v) — 1)

&n+4

by Lemma 2 (i). This gives (1) as required, because Ciycpy(4v) = (=1) 2 =1 by

Lemma 3.
Case 2: w=2v + 1. In this case (4) gives

Cerw(u) + Copy(u )_Zc[s 20—2]—c[s—1] (i(s—Zv—?)) Ly j(s=20-1)— 3)
s— 2v s—2v—3

I Z c[2j]—c[2j+2v+1] (i2j—(2j+2v)+Z~2j—(2j+2v+2))

s—2v—5
2
I Z jel2i+1]—c2j+2v+2] (in—(2j+2v+2) +Z~2j+2—(2j+2v+2))

=0
_ i(s—2v—3)—0(2z~s—2v)

=21
since s = 3 (mod 4), and so with (3) we have

Cesw(u) + Cpix(u) + Ceyy(u) + Cpiz(u)



= —2i+ 22" Op(20 + 1) + (20727 1Ce(2v + 1) — 22" Ce(2v + 1))
= —2i (14 (=1)"Cineie,py (40 + 2) — (=1)"Ce(20 + 1)) (5)

by Lemma 2 (i). Now

s—2v—2
CC(2U + 1) _ Z |—clj+2v+1]
7=0

2m—v
_ (~c[2j]fc[2j+2v+1} T l-c[2j+1]7c[2j+2v+2})

<
I
o

N
i

v

(Z‘Of(2j+2v) 4 Z‘2j70>

j=0
=1+ (-1)", (6)

and
Cint(c,p)(4v +2) =1 (7)

by Lemma 3. Substitution of (6) and (7) into (5) then gives (1), as required.

Proof of (2). Fix u in the range 0 < u < s — 2. Then

Ceyw,prx(u) + Ceyy piz(u)
s—u—2

= 3 el (iwmfmmu] n iymfzmu])

[==5=2]

= Z jcl27]— d[2J+U]( w(2j]—=[2j+u] | ;y(2i]- Z[2J+u})

=0

Lsfuf?:J
I Z c[2j+1]—d[2j+u+1] (,iw[2j+1}fx[2j+u+l]+Z’y[2j+1}fz[2j+u+1]>
7=0

s—u—2
= & i J icl27]—d[2j+u] (i2j—(2j+U) +i2j—(2j+u+1)>
§=0
| ==%=2]
i ;el2i+1]—d[2j+u+1] <i2j7(2j+u+1) i i2j+27(2j+u+2)>
§=0
=i “(1—14)Cep(u) (8)

and

Cpyx,cow(u+1)+Cpiz ciy(u+1)
s—u—2

= 3 glil-eltut (z—xmfwmwu i iz[ﬂw[ﬂuﬂ])
_ id[s—u—Q]—c[s—l] (iw[s—u—Q]—w[s—l] + iz[s—u—2]—y[s—l])

7



|=%=2]
I Z ;127 —c[2j+u+1] (iw[Qj]wajJrqul]_|_Z-z[2j}fy[2j+u+1]>
7=0

===

+ Z 427+ 1] —c[2j+ut2] (iw[2j+1]—w[2j+u+2]+Z~Z[2j+1]—y[2j+u+2]>. (9)

§=0
We again consider two cases, according to the parity of u.

Case 1: uw = 2v. In this case (9) gives

CD—i—X,C—‘rW(U + 1) + CD+Z,C+3)(’U, + 1)
— jdls—2v—2]—c[s—1] (i(s—2v—2)—1 4 i(s—2v—1)—3>

s—2v—3
s=2v=3
i Z ;125]—c[2j+20+1] (i2j—(2j+2'u)+Z~2j+1—(2j+2v+2))
j=0
s—2v—>5
2
I Z ;1254 1] —c[2j+2v+2] (i2j+17(2j+2v+2)+Z~2j+27(2j+2v+2)>
j=0
=i 2(1—i)Cpe(2v + 1), (10)

since s = 3 (mod 4).
Case 2: uw=2v + 1. In this case (9) similarly gives
Cprx,cow(u+1) +Cpizery(u+1)
_ jdls—20—3]—c[s—1] (,L-(s—Qv—?))—l 4 Z»(s—2’u—2)—3>

s—2v—5

2
i Z ;a[27]—c[2j+20+2] <i2j—(2j+2v+2)+Z~2j+l—(2j+2v+2))
=0
s—2v—5
2
+ Z ;25 +1]—c[2j+20+3)] (i2j+1—(2j+2v+2)_|_Z~2j+2—(2j+211+4))
=0
=i 2711 —i)Cp (20 + 2). (11)

The conclusions (10) and (11) of Cases 1 and 2 can both be represented in the form

Cprx,cow(u+1)+Cpyzery(u+1)=i“(1—i)Cpc(u+1).

Combine this with (8) and use Lemma 2 (ii) to give

Cesw,p+x(u) + Cpyx,cow(u+1) + Ceyy prz(u) + Cpyz cry(u+1)
=1 (1 —i)Cing(c,p)(2u + 1)
0

by Lemma 3, proving (2) as required.



4 A partial converse to Theorem 4

In this section, we present a partial converse to the construction of Theorem 4. That is, given
a Golay sequence pair over Z4 of length s = 5 (mod 8) with a certain structure, we construct a
Barker sequence of the same length; by Theorem 1, this implies s =5 or 13.

The motivating examples are the Golay seed pairs of length 3, 5, 11 and 13 given in Section 1,
from which all known Golay sequence pairs of odd length over Z4 can be derived via equivalence
transformations [GJ, Section 4.2]. We find that the sequences A and B of each of these pairs have
the property that

A+ B = (j mod 4), (12)

in other words they sum to [0, 1,2, 3,0, 1,2, 3,...]. Property (12) also holds for the output
sequences A and B of Theorem 4 (under which we have A+B = int(2C+ Wy, + Vi, 2D+ X+ Z1) =
int (Wi + Vi, X+ Zm ), because C and D take values in {0,2}). Property (12) implies the following
easily-verified relationship between the aperiodic autocorrelation function of A and B:

Lemma 5. Let A and B be length s sequences over Z4 having property (12). Then

Cp(u) =i “Ca(u) for0<u<s.

We therefore define a length s sequence A over Zy4 to be good if

Calu)+i "Cyu(u) =0 for0<u<s,
which by Lemma 5 implies:
Lemma 6.

(i) Suppose A is a good sequence. Then A forms a Golay pair over Z, with the sequence
(j mod 4) — A.

(ii) Suppose that A and B form a Golay sequence pair having property (12). Then A and B are
each good sequences.

We can therefore rephrase our observations above as:
(A) A good sequence is a Golay sequence.

(B) All known odd-length Golay sequence pairs over Z, can be derived via equivalence transfor-
mations from a pair of good sequences.

(C) The output Golay sequences of Theorem 4 are both good sequences.

Given these close connections between good sequences and Golay sequences over Z4, a first
step towards proving the nonexistence of Golay sequence pairs over Z,4 of odd length s > 13 would
be to prove the nonexistence of good sequences of odd length s > 13. We were able to establish
this in the case s =5 (mod 8), but only by placing parity constraints on the elements of the good
sequence:

Theorem 7. Suppose that A = (alj]) is a good sequence of length s =5 (mod 8) whose elements
satisfy the parity constraints

al2uv — 1]+ af2u+1] =1 (mod 2) forl
af4u] =0 (mod 2) for1l

Then there exists a Barker sequence of length s.



Theorem 7 is proved at some length and with considerable effort in [Gib08, Chapter 4], by showing
that the sequence A — int(W,y,, X,,) (where s = 8m + 5) must be a Barker sequence; the proof is
omitted here. We remark that the parity constraints of Theorem 7 hold for each of the sequences
As, Bs, A3, and Bz (as well as for the sequences As, Bs, A1, and Bi1). Theorems 1 and 7
together imply:

Corollary 8. Suppose that A = (a[j]) is a good sequence of length s =5 (mod 8) whose elements
satisfy the parity constraints

a2u—1]+al2u+1]=1 (mod2) forl<u< 3
adu] =0 (mod 2) forl<u< 5.

Then s =5 or 13.

5 Open questions
We conclude with some open questions:

(i) Can every odd-length Golay sequence over Z4 be derived via equivalence transformations
from a good sequence?

(ii) Can the parity constraints of Theorem 7 be removed?

(iii) Can Corollary 8 (preferably without the parity constraints) be proved directly, without ref-
erence to an odd-length Barker sequence?

(iv) Is there a connection between the Golay seed pairs (As, Bs) and (A1, B11), and a Barker
sequence of length 3 and 117

(v) Does there exist a Golay sequence over Z4 of odd length greater than 137
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